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SINGULAR OPEN BOOK STRUCTURES FROM REAL MAPPINGS
R. N. ARAU´JO DOS SANTOS, Y. CHEN, AND M. TIBA˘R
Abstract. We define open book structures with singular bindings. Starting from an
extension of Milnor’s results on local fibrations for germs with nonisolated singularity,
we find classes of genuine real analytic mappings which yield such open book structures.
1. Introduction and main results
Let ψ : (Rm, 0) → (Rp, 0) be some analytic mapping germ, m > p ≥ 2, and let
V := ψ−1(0). The isolated singularity case, i.e. Singψ = {0}, has been considered by
Milnor; his result [Mi, Theorem 11.2] tells that there exists a mapping
(1) Sm−1ε \Kε → S
p−1
δ
which is a locally trivial fibration and its diffeomorphism type is independent of the radius
ε > 0 small enough and of 0 < δ ≪ ε, where Kε := V ∩ Sm−1ε . It turns out that the
sphere Sm−1ε is moreover endowed with a higher open book structure with binding Kε, as
defined in [AT2, Definition 2.1]. This is due to the trivial fibration structure induced by
ψ in some small neighbourhood N of Kε. The condition V ∩ Singψ ⊂ {0} used in [AT2]
is the most general one under which higher open book structures with smooth binding Kε
exist. Classical open books, i.e. for which the binding is smooth and has codimension 2,
are frequent in the literature, they are known under various other names like fibered links
or Neuwirth-Stallings pairs [Lo] or even Lefschetz pencils, see e.g. [Wi].
In this paper we investigate the situation when ψ−1(0) contains nonisolated singularities,
thus the link Kε is no more a manifold. Several recent papers considered this situation
with respect to the existence of the Milnor fibration (1), see e.g. [PS], [AT1], [CSS].
We want to give here a precise meaning of “singular open book structures”, therefore
we introduce the following definition:
Definition 1.1. We say that the pair (K, θ) is a higher open book structure with singular
binding on an analytic manifold M of dimension m − 1 ≥ p ≥ 2 if K ⊂ M is a singular
real subvariety of codimension p and θ :M \K → Sp−11 is a locally trivial smooth fibration
such that K admits a neighbourhood N for which the restriction θ|N\K is the composition
N \K
h
→ Bp \ {0}
s/‖s‖
→ Sp−11 where h is a locally trivial fibration.
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One says that the singular fibered link K is the binding and that the (closures of) the
fibers of θ are the pages of the open book.
From the above definition it also follows that θ is surjective.
In the classical case of open books one has p = 2, K ⊂ M is a 2-codimensional
submanifold which admits a neighbourhood N diffeomorphic to B2 ×K for which K is
identified with {0} × K and the restriction θ|N\K is the following composition with the
natural projections N \K
diffeo
≃ (B2 \ {0})×K
proj
→ B2 \ {0} → S1.
Therefore our new definition of “open book with singular binding” preserves the two
main aspects of the classical definitions, namely:
(a). the complement of the link fibers over the unit sphere, with codimension p − 1
fibres.
(b). this fibration has a regularity property in the neighbourhood of the link, namely
it is induced by a more refined fibration with codimension p fibres.
These two properties turn out to be equally important and independent whenever V con-
tains nonisolated singularities. Our proofs will therefore contain two parts, corresponding
to demonstrating property (a) and property (b).
Whenever ψ is the pair (Re f, Im f) associated to a holomorphic function germ f :
(Cn, 0) → (C, 0), one has Singψ ⊂ V = f−1(0) and Milnor [Mi, §4] had proved that the
natural mapping:
(2)
f
|f |
: S2n−1ε \Kε → S
1
1
is itself a C∞ locally trivial fibration. This is not enough to provide an open book
decomposition whenever V contains nonisolated singularities, since we also need property
(b). Milnor did not show it himself; several years later, Hamm and Leˆ D.T. [HL] proved the
nontrivial fact that holomorphic functions have the Thom (af)-property along a certain
stratification of V . Then property (b) follows from this.
If we consider a holomorphic mapping Cn → Cp with p > 1 then there might not exist
fibrations like (2)1 or the Thom regularity may fail2 along V . In the purely real analytic
setting, the mapping ψ may have neither property (a) nor property (b).
We formulate in §2 an extension of [Mi, Theorem 11.2] which uses our Definition 1.1,
the proof of which is derived from carefully revisiting Milnor’s construction. This is
further used as a basis for our main results. In order to state them, we need the following
definitions.
Definition 1.2. Let U ⊂ Rm be an open set and let ρ : U → R≥0 be a proper analytic
function. We say that the set of ρ-nonregular points3 of an analytic mapping Ψ : U → Rp
is the set of non-transversality between ρ and Ψ, i.e. M(Ψ) := {x ∈ U | ρ 6⋔x Ψ}.
Similarly, the set of ρ-nonregular points of the mapping Ψ
‖Ψ‖
: U \ V → Sp−11 is the set:
M( Ψ
‖Ψ‖
) := closure{x ∈ U \ V | ρ 6⋔x
Ψ
‖Ψ‖
}.
1in case of an ICIS one does not have the fibration (2).
2e.g. like shown by an example in [HL].
3sometimes called Milnor set, e.g. in [NZ], the name “ρ-regularity” has been introduced in [Ti1].
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Let us remind that, by definition, two mappings on an open U ⊂ Rm are called transver-
sal at some point x ∈ U iff they are both non-singular at x and their well-defined tangent
spaces at x are transversal in Rm. In particular, the singular locus of each of the mappings
is included in their non-transversality locus.
The ρ-regularity of Definition 1.2 is a basic tool, used by many authors (Thom, Milnor,
Mather, Looijenga, Bekka etc) in the local stratified setting as well as at infinity, like in
e.g. [NZ], [Ti1,2,3] in order to produce locally trivial fibrations. See also [CSS]. Thom
has called such a ρ “fonction tapissante”. As also done in [AT1], in this paper we shall
use as function ρ the Euclidean distance function and its open balls and spheres of radius
ε, denoted by Bε and Sε respectively. The open set U of Definition 1.2 will be small ball
Bε, unless otherwise stated.
Theorem 1.3. Let ψ : (Rm, 0)→ (Rp, 0) be an analytic mapping germ, m > p ≥ 2, such
that codimV = p. Suppose that:
(3) M(ψ) \ V ∩ V = {0}.
If M( ψ
‖ψ‖
) = ∅ then (Kε,
ψ
‖ψ‖
) is an open book structure with singular binding on Sm−1ε ,
independent (up to isotopies) of ε > 0 small enough.
Condition (3) allows nonisolated singularities, more precisely it implies M(ψ) = A∪B
where A ⊂ V and B ∩ V ⊂ {0}, and both A and B may be of positive dimension. We
also have Sing ψ ⊂M(ψ). Therefore Theorem 1.3 represents a simultaneous extension of
[AT2, Theorem 2.2], where the singular locus was of type B, and of [AT1, Proposition 5.3]
or [CSS, Theorem 5.3]4, where the singular locus was of type A. We discuss in §3 other
particular cases and the relations to [PS].
It turns out that the condition5 (3) insures the existence of the locally trivial fibration
N \K
h
→ Bp \ {0} from Definition 1.1 and is implied by the Thom regularity at V . We
shall discuss this relation and other criteria in §5. We show by Example 5.1 how to check
this condition directly.
In order to produce a new class of higher dimensional purely real examples, we use the
theory of mixed functions, i.e. real analytic mappings R2n ≃ Cn → C ≃ R2, recently
developed by Mutsuo Oka (see [Oka1, Oka2] and our footnote at §4). The necessary
definitions are given in §4. We only point out here that for mixed functions, unlike the
holomorphic ones, the notion of “polar weighted-homogeneous” is different and indepen-
dent from “radial weighted-homogeneous”. The later is discussed in §3 and is one of the
hypotheses of Corollary 3.3. The former occurs in the following statement (discussed and
proved in §4).
Theorem 1.4. Let f : Cn → C be a non-constant mixed polynomial which is polar
weighted-homogeneous, n ≥ 2, such that codim RV = 2. Then (Kε,
f
‖f‖
) is an open book
structure with singular binding on S2n−1ε , independent (up to isotopies) of ε > 0 small
enough.
4compare the result [AT1, Proposition 5.3 and Remark 5.4] to [CSS, Theorem 5.3 points (1),(2) and
Remark 5.7]. Then compare the comments [CSS, p. 423, lines 5-8] to the reality of [AT1, Section 5].
5Massey [Ma] used condition (3) in conjunction with Sing ψ ⊂ V in order to get a full tube fibration
(5).
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We finally present some other new classes of examples in §5, one of them by using a
Thom-Sebastiani type statement, Proposition 5.2, which represents a new result in the
real context.
Note 1.5. One may work in a slightly more general setting than Definition 1.1, as follows.
Instead of a manifoldM , letM be a connected compact real analytic set with SingM ⊂ K.
In this paper M is the link of (Rm, 0), hence a sphere, but we may also consider a real
analytic germ (X, 0) ⊂ (Rm, 0) with connected link M with respect to some distance
function which is not necessarily the Euclidean one, and mappings ψ : (X, 0) → (Rp, 0)
such that SingX ⊂ ψ−1(0). Then one has to modify Milnor’s proof §2.1.2 such that
the vector field along which one blows the tube to the sphere is tangent to X . See also
Remark 2.2.
Even more generally, if one considers any singular stratified space X and its link M ,
then Milnor’s method reviewed in §2.1 still works, i.e. extends (by using classical technical
devices of “radial vector fields”) for stratified transversality and stratified vector fields.
This yields what one could call open book structures with singular pages.
2. Milnor’s method and open book structures
In the real analytic setting, Milnor observed that the fibration (1) may not be induced
by the mapping θ = ψ
‖ψ‖
. He gave an example [Mi, p. 99] of ψ with isolated singularity,
m = p = 2 and Kε = ∅, showing that the mapping
(4)
ψ
‖ψ‖
: Sm−1ε \Kε → S
1
1
is not a submersion, hence not a locally trivial fibration.
In case of isolated singularity and p = 2, several authors obtained sufficient conditions
under which (4) is a fibration [Ja1, Ja2, RS, RSV] and provided examples showing that
the class of real mapping germs ψ with isolated singularity satisfying them enlarges the
class of holomorphic functions f . For a more general setting Singψ ∩ V ⊂ {0} and any
m ≥ p ≥ 2 an existence criterion has been given in [AT2] and shown to be more general
than the previous ones from the literature.
The ρ-regularity of Definition 1.2 expresses the transversality of the fibres of a mapping
ψ to the levels of ρ. It is a basic tool, used by many authors (Milnor, Mather, Looijenga,
Bekka etc) in the local stratified setting as well as at infinity, like in e.g. [NZ, Ti1,2,3], in
order to produce locally trivial fibrations. As also done in [AT1], in this paper we shall
use as function ρ the Euclidean distance function and its open balls and spheres of radius
ε, currently denoted by Bε and Sε respectively.
From Definition 1.2 it follows that M(ψ) is a relatively closed analytic set containing
the singular set Sing ψ. As for M( ψ
‖ψ‖
), it is by definition closed but does not necessarily
include Singψ. We nevertheless have M( ψ
‖ψ‖
) \ V ⊂ M(ψ) \ V , since ρ ⋔x ψ implies
ρ ⋔x
ψ
‖ψ‖
for x 6∈ V . In the following we tacitly conceive these non-regularity sets as set
germs at the origin.
Theorem 2.1. (after [Mi])
Let ψ : (Rm, 0) → (Rp, 0), m > p ≥ 2, be an analytic mapping germ with Singψ ⊂ V ,
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codim RV = p and satisfying the condition (3). Then there exists a higher open book
structure with singular binding (Kε, θ) on S
m−1
ε , which is independent of ε > 0 small
enough, up to isotopies.
2.1. Revisiting Milnor’s method. In case of mapping germs ψ : (Rm, 0)→ (Rp, 0), in
Milnor’s proof [Mi, p. 97-99, Theorem 11.2] of the existence of a locally trivial fibration
(1) one may distinguish two key parts, already pointed out in [AT1, §5]. We shortly review
them below in order to show how they apply to the more general situation displayed in
Theorem 2.1.
2.1.1. Existence of the tube fibration. Assume that there exists ε0 > 0 such that the
mapping:
(5) ψ| : B¯
m
ε ∩ ψ
−1(B¯pη \ {0})→ B¯
p
η \ {0}
is a surjective locally trivial C∞-fibration, for all 0 < ε ≤ ε0 and 0 < η = η(ε) ≪ ε. We
shall call it the tube fibration.
In the case Singψ = {0} considered by Milnor, V is transverse to all small enough
spheres and therefore any such sphere is also transverse to all nearby fibres, which are
moreover non-singular. By Ehresmann’s theorem for manifolds with boundary, one con-
cludes the existence of the tube fibration.
2.1.2. Existence of a fibration in the exterior of the tube. This is Milnor’s proof of “inflat-
ing” the empty tube B¯mε ∩ψ
−1(Sp−1η ) to the sphere S
m−1
ε \Kε. Milnor explains in [Mi, p.
99] that, given a real analytic mapping ψ, one may construct, like in [Mi, Lemmas 11.3,
5.9, 5.10], a nowhere zero C∞-vector field v(x) on B¯mε \ ψ
−1(Bpη) satisfying the following
two conditions: 〈x, v(x)〉 > 0 and 〈grad ‖ψ(x)‖2, v(x)〉 > 0. The first condition says that
v(x) is transverse to all small spheres and points outwards, and the second condition says
that the mapping ‖ψ(x)‖2 increases along the flow. This vector field may be integrated
and produces a diffeomorphism:
(6) γ : B¯mε ∩ ψ
−1(Sp−1η )→ S
m−1
ε \ ψ
−1(Bpη).
This procedure combines the position vector field x with the gradient vector field
grad ‖ψ‖2 and works if the latter is nowhere zero in the neighbourhood of ψ−1(Bpη), if
the two vector fields never point in the opposite directions [Mi, Cor. 3.4], and if the
empty tube B¯mε ∩ ψ
−1(Sp−1η ) is a manifold with boundary. Milnor uses this construction
for holomorphic functions f , where Sing f ⊂ V and for real mappings with Singψ = {0}.
Milnor’s technique holds locally at 0 in the more general setting Singψ ⊂ V .
2.1.3. Conclusions. If the tube fibration (5) exists, then its restriction to the empty tube:
(7) ψ| : B¯
m
ε ∩ ψ
−1(Sp−1η )→ S
p−1
η
is a locally trivial C∞-fibration too.
If the inflating procedure works, then the diffeomorphism (6) induces a mapping µ :
Sm−1ε \ ψ
−1(Bpη) → S
p−1
η which is a locally trivial fibration and coincides with ψ on
Sm−1ε ∩ ψ
−1(Sp−1η ). This may be composed with the mapping
s
‖s‖
: Sp−1η → S
p−1
1 and
yields a locally trivial fibration
(8) µ′ : Sm−1ε \ ψ
−1(Bpη)→ S
p−1
1 .
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2.2. Proof of Theorem 2.1. The hypothesis M(ψ) \ V ∩ V = {0} is equivalent to the
existence of a neighbourhood N of V \ {0} such that M(ψ) ∩ N \ V = ∅ (see Figure).
Together with Singψ ⊂ V , these imply that for any ε > 0 small enough, there exists some
positive η ≪ ε such that the mapping (5) is a proper submersion over the pointed open
ball Bp \{0}. Indeed, the properness follows since the restriction of ψ to B¯mǫ \V is proper,
and “submersion” is a consequence of the condition Sing ψ ⊂ V and of the transversality
of the fibres to the boundary Sm−1ε = ∂B¯
m
ǫ . It then follows that this restriction is also
surjective. Just like Milnor did, we may now apply Ehresmann’s theorem [Eh, Wo] for
manifolds with boundary to conclude to the existence of the locally trivial fibration (5).6
To show now that the fibration (8) extends to an open book structure on Sm−1ε one
must produce the map θ, cf Definition 1.1. The fibration (8) may be glued along Sm−1ε ∩
ψ−1(Sp−1η ) to the locally trivial fibration S
m−1
ε ∩ψ
−1(B¯pη \{0})→ B¯
p
η \{0} composed with
the mapping s
‖s‖
: B¯pη \{0} → S
p−1
1 since their restrictions to this boundary coincide. This
glueing may be done in the C∞ category and produces a locally trivial C∞-fibration. We
then define θ to be the result of the glueing of µ′ with s
‖s‖
◦ ψ| : S
m−1
ε ∩ ψ
−1(B¯pη \ {0})→
B¯pη \ {0} → S
p−1
1 , and get that (Kε, θ) is an open book decomposition of S
m−1
ε . 
b
V
N
M(ψ)
A
B
Remark 2.2. In [PS, Theorem 1.3] the authors state that if Singψ ⊂ V and if Thom’s
condition holds along V, then there is an empty tube fibration like (7) which blows out to
a Milnor fibration on the sphere. As the authors remark themselves [PS, p. 488 and 492],
this is a re-formulation of Milnor’s results which follows from Milnor’s method. There are
the following differences with our Theorem 2.1:
6this observation is also contained in [Ma, Theorem 4.4].
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(1). the Thom regularity hypothesis of [PS, Theorem 1.3] implies our condition
M(ψ) \ V ∩ V = {0} whereas the converse is presumably not true in general
(see below §5.1 for a discussion of this relation and Example 5.1).
(2). [PS, Theorem 1.3] exploits only the fibration outside a tube. We here need the
more refined fibration structure inside the tube, which is necessary for having an
open book structure as in Definition 1.1.
3. Proof of Theorem 1.3 and some consequences
We assume here condition (3) but we do not assume Singψ ⊂ V . As explained above
at §2.2, the condition M(ψ) \ V ∩ V = {0} is equivalent to the existence of a conical
neighbourhood N of V \ {0} such that M(ψ) ∩ N \ V = ∅. This implies neither the
existence of a “full tube” fibration (5), nor the existence of the “empty tube fibration”
(7), since our hypothesis (3) allows singularities on the fibres of ψ close to V . It is
nevertheless enough to imply that the restriction:
(9) ψ| : S
m−1
ε ∩ ψ
−1(B¯pη \ {0})→ B¯
p
η \ {0}
is a proper submersion, for all small enough ε≫ η > 0, hence surjective too.
On the other hand, the condition that the germ of M( ψ
‖ψ‖
) at the origin is empty
means that the mapping ψ
‖ψ‖
: Sm−1ε \ ψ
−1(Bpη) → S
p−1
1 is a proper submersion for any
small enough ε > 0. Following the proof of Theorem 2.1, we notice that we have here
the particularity that the mappings to be glued along the boundary Sm−1ε ∩ ψ
−1(Sp−1η )
are induced by the same mapping ψ
‖ψ‖
from both sides, hence this glueing is trivial, and
of course smooth, with θ := ψ
‖ψ‖
. The conclusion follows now just like in the proof of
Theorem 2.1. 
Example 3.1. It was shown in [PS] that the mappings of type f g¯ : (C2, 0) → (C, 0),
where f, g : C2 → C are holomorphic functions such that Sing f g¯ ⊂ V have a Milnor
fibration f g¯/|f g¯| : S3ε \Kε → S
1 and are Thom regular along V . Since Thom regularity
implies condition (3) (see also §5.1), these mean that the hypotheses of our Theorem 1.3
are satisfied, hence one obtains open book structures with singular binding (Kε, f g¯/|f g¯|).
3.1. Radial weighted-homogeneous real mappings. Let us consider the R+-action
on Rm: ρ ·x = (ρq1x1, . . . , ρqmxm) for ρ ∈ R+ and q1, . . . , qm ∈ N∗ relatively prime positive
integers. Let γ(x) :=
∑m
j=1 qjxj
∂
∂xj
be the corresponding Euler vector field on Rm; we
have γ(x) = 0 if and only if x = 0.
We say that the mapping ψ is radial weighted-homogeneous of degree d > 0 if ψ(ρ ·x) =
ρdψ(x) for all x in some neighbourhood of 0.
Proposition 3.2. If ψ is radial weighted-homogeneous and Sing ψ ⊂ V , thenM( ψ
‖ψ‖
) = ∅.
Proof. Let us first remark that Singψ ⊂ V implies that ψ
‖ψ‖
: Bmε \ V → S
p−1
1 is a
submersion. We use the following criterion equivalent to {0} 6∈ M( ψ
‖ψ‖
) from the proof
of [AT2, Theorem 2.2]: ∃ε0 > 0 such that rankΩψ(x) = p, ∀x ∈ B
m
ε0 \ V , where Ωψ(x)
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denotes the [(p− 1)p/2 + 1]×m matrix defined as:
Ωψ(x) :=


ω1,2(x)
...
ωi,j(x)
...
ωp−1,p(x)
x1, . . . , xm


having in each of the rows the vector ωi,j(x) := ψi(x) gradψj(x) − ψj(x) gradψi(x), for
i, j = 1, . . . , p with i < j, except for the last row which contains the position vector
(x1, . . . , xm). Observing that 〈γ(x), gradψi(x)〉 = d · ψi(x) for any i and any x ∈ Bmε0 \ V ,
we have:
〈γ(x), ωij(x)〉 = d[ψi(x)ψj(x)− ψj(x)ψi(x)] = 0,
which means that the Euler vector field γ(x) is tangent to the fibres of ψ
‖ψ‖
. We also have:
(10) 〈γ(x), x〉 =
∑
i
qix
2
i > 0,
for x 6= 0. This shows that the position vector x cannot be orthogonal to the tangent
space of the fibres of ψ
‖ψ‖
, which means that the sphere Sm−1ε is transverse to the fibres of
ψ
‖ψ‖
, for any ε > 0. 
We get the following statement, the proof of which is an immediate consequence of the
proof of Theorem 1.3 via Proposition 3.2. It also represents an extension to nonisolated
singularities of our previous [AT2, Theorem 3.1], see also the proof of [AT1, Theorem 4.1]
and compare with [CSS, Example 2.1.4].
Corollary 3.3. Let ψ be radial weighted-homogeneous with Singψ ⊂ V and satisfying
condition (3) with codimV = p. Then (Kε,
ψ
‖ψ‖
) is a (singular) open book decomposition.

4. Polar weighted-homogeneous mixed functions
We consider a mixed polynomial7 f(z, z) =
∑
v,µ cν,µz
νzµ where z = (z1, . . . , zn), z =
(z1, . . . , zn), z
ν = zν11 · · · z
νn
n , z
µ = zµ11 · · · z
µn
n for ν = (ν1, . . . , νn) and µ = (µ1, . . . , µn)
non-negative integer exponents. As a matter of fact, any mixed polynomial is a real
polynomial mapping R2n → R2, and conversely.
After [CM] and [Oka1], f is called polar weighted-homogeneous if there are non-zero
integers p1, . . . , pn and k such that gcd(p1, . . . pn) = 1 and
∑n
j=1 pj(νj − µj) = k. The
corresponding S1-action on Cn is:
λ · (z, z) = (λp1z1, . . . , λ
pnzn, λ
−p1z1, . . . , λ
−pnzn), λ ∈ S
1.
Notice that “polar weighted-homogeneous” and “radial weighted-homogeneous”are two
independent notions.
7the term “mixed polynomial” was introduced by Oka [Oka1].
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4.1. Proof of Theorem 1.4. We first prove that Im f contains a small enough disk at
0 ∈ C. Since f 6≡ 0 and Im f is a semi-algebraic set germ, by the Curve Selection Lemma,
the image contains a curve γ which intersects the circles S1η ⊂ C for any small enough
radius η > 0. Take now some a ∈ S1η ∩ γ and z ∈ f
−1(a). Since f(λ · (z, z)) = λkf(z, z),
we have λka ∈ Im f for any λ ∈ S1. This shows that Im f contains a disk D2η0 , for some
small enough η0 > 0.
The germ at 0 of the set of critical values of f is a semi-algebraic set of dimension ≤ 1.
Take its complement in Im f , which is a 2 dimensional semi-algebraic germ at 0. Applying
the above reasoning yields that all values 6= 0 are regular, hence their inverse images are
manifolds of dimension 2n− 2 ≥ 1.
Take now the restriction of f to some small enough sphere Sm−1ε . Its image must
contain a non-constant curve germ at 0. Since the S1-action preserves the sphere, by the
same reasoning as above, the image of f|Sm−1ε contains a disk D
2
η0
. The regular values of
f|Sm−1ε are a dense semi-algebraic set and if a is a regular value then λ
ka is regular too, for
any λ ∈ S1. Hence all values of the pointed disk D2η0 \ {0} are regular. This shows that
we have a conical neighbourhood N of V such that the ρ-regularity holds within N \ V ,
hence the property (3) holds.
In order to prove thatM( f
‖f‖
) = ∅ we apply the same reasoning to the mapping φ := f
‖f‖
since the S1-action yields φ(λ · (z, z)) = λkφ(z, z) and preserves the spheres centred at
the origin. Our statement follows now from Theorem 1.3. 
Remark 4.1. In addition to our hypothesis of “polar weighted-homogeneous”, if one
assumes that f is moreover radial weighted-homogeneous and that all weights are positive,
then the Milnor fibration induced by f/|f | on the spheres was observed by Oka [Oka1,
§5.4] and Cisneros-Molina [CM, Prop. 3.4]. These yield property (a) from §1 in this
particular setting.
Note that our Theorem 1.4 drops half of the hypotheses of the preceding results in
what concerns property (a) of §1, and that our proof has a different flavor. Moreover, it
addresses the issue (b) of §1 since, according to our definition, the open book structure
with singularities in the binding follows only from the conjunction of properties (a) and
(b) and not only from one of them. See §5.1 for remarks concerning the conditions which
one has to impose near the link, Oka’s result [Oka2, Theorem 52] and Example 5.1.
Example 4.2. f(x, y) = x4y¯2 + y2 is not radial weighted homogeneous but a polar ho-
mogeneous mixed function germ (C2, 0) → (C, 0), and we have Sing f = V = {y = 0}.
According to Theorem 1.4, f/|f | defines on S3 an open book structure with singular
binding.
5. Constructing more examples with nonisolated singularities
5.1. Condition (3) and Thom regularity condition. It is well-known that if V =
ψ−1(0) may be endowed with a stratification S such that in a sufficiently small ball Bǫ
the pair (Bǫ \ V, S) satisfies Thom’s condition (aψ), for all S ∈ S, then the stratified
transversality of V to all small enough spheres implies the transversality of the spheres to
the nearby fibres in some neighbourhood N of V \ {0}. This transversality is equivalent
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to the condition (3) and by the proof of Theorem 1.3 we conclude the existence of the
full tube fibration on all small enough spheres (9). This well-known observation may be
traced back at least to [HL]8.
It is conjecturally possible that the condition (3) does not imply the Thom (aψ)-
regularity, but we could not find an example yet. Let us at least point out two situ-
ations where one proves directly the weaker condition (3). One of them is contained in
the proof of [Oka2, Lemma 51] in the setting of mixed functions f , where Oka shows
the existence of a full tube fibration for a special class of mappings, namely the “super
strongly non-degenerate mixed functions”. This is a condition which allows Oka to prove
in [Oka2, Theorem 52] the existence of the Milnor fibration on spheres (by extending
Milnor’s method) and its equivalence to the tube fibration. Altogether these properties
yield, in our terminology, an open book structure with singular binding induced by the
mapping f
|f |
.
Another example of computation is the following one, where the mapping is not a
mixed function, hence this is different from all the previously mentioned situations of
[Oka2, Theorem 52] or of Theorem 1.4.
Example 5.1. Let f : R3 → R2, f(x, y, z) = (y4 − z2x2 − x4, xy). Then V (f) is the real
line {(x, y, z) ∈ R3 | x = y = 0} and Sing f = V (f).
Let us show (3). If this were not true, then, by the Curve Selection Lemma, there are
some analytic curves x(t), y(t), z(t), a(t) and b(t) defined on a small enough interval ]0, ε[
such that limt→0 x(t) = limt→0 y(t) = 0, limt→0 z(t) = z0 6= 0 and
x(t) = a(t)(−4x3(t)− 2x(t)z2(t)) + b(t)y(t),
y(t) = 4a(t)y3(t) + b(t)x(t),
z(t) = −2a(t)z(t)x2(t).
Let x(t) = x0t
β + h.o.t., where x0 6= 0 and β ∈ N. From the third line and from
limt→0 z(t) = z0 we get a(t) = −
1
2x2
0
t−2β +h.o.t. We eliminate b(t) from the first two lines
and get:
y2(t)− x2(t) = a(t)(4y4(t) + 4x4(t) + 2x2(t)z2(t)).
From this equality, since limt→0 2x
2(t)z2(t)a(t) = −z20 < 0 and ordt(a(t)x
4(t)) = 2β >
0, and limt→0(y
2(t) − x2(t)) = 0, we get y4(t) = −1
2
x20z
2
0t
2β + h.o.t., which yields a sign
contradiction.
5.2. A real Thom-Sebastiani type statement. In order to build further examples,
we show the following.
Proposition 5.2. Consider two mappings in separate variables, ψ : (Rm, 0) → (Rp, 0)
and φ : (Rn, 0) → (Rp, 0), such that Singψ ⊂ V (ψ) and Sing φ ⊂ V (φ), and both V (ψ)
and V (φ) have codimension p. Assume that ψ and φ satisfy the Thom regularity condition
at V (ψ) and V (φ), respectively.
Then ψ + φ : (Rm × Rn, 0)→ (Rp, 0) satisfies the Thom regularity condition and there
exists a higher open book structure with singular binding (Kψ+φ, θ) on S
m+p−1
ε , which is
independent of ε > 0 small enough, up to isotopies.
8see also Hironaka [Hi] and [Leˆ].
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If moreover ψ and φ are radial weighted-homogeneous then (Kψ+φ,
ψ+φ
‖ψ+φ‖
) is a higher
open book with singular binding.
Proof. From Sing ψ ⊂ V (ψ) and Sing φ ⊂ V (φ) it follows, by checking the rank of the
Jacobian matrix, that Sing (ψ+φ) ⊂ Singψ×Sing φ ⊂ V (ψ)×V (φ) ⊂ V (ψ+φ) ⊂ Rm×Rn.
The sum of separate variables mappings which both satisfy the Thom regularity condition
has the same property. Indeed, if W1 and W2 denote some Thom stratifications of V (ψ)
and V (φ) respectively, then the product stratificationW1×W2 satisfies the Thom (aψ+φ)-
regularity condition. To prove this starting from the definition, we consider the limits of
tangent spaces to the fibres of ψ+φ along a sequence of points (xi, yi) ∈ Rm×Rn tending
to some point (α, β) ∈ W1 ×W2 for some strata W1 ∈ W1 and W2 ∈ W2, at least one of
which is of positive dimension. We work with sequences such that ψ(xi) + φ(yi) 6= 0 for
any i > 0.
If ψ(xi) 6= 0 and φ(yi) 6= 0 for any high enough index i, then we have the inclusion:
T(xi,yi)(ψ + φ) ⊃ Txiψ × Tyiφ. Else, if say ψ(xi) = 0 for all i high enough, then φ(yi) 6= 0
for those indices i, and we have the inclusion: T(xi,yi)(ψ + φ) ⊃ TxiWxi × Tyiφ, where
Wxi denotes the stratum of V (ψ) such that xi ∈ Wxi . Proving this inclusion essentially
amounts to checking that for any v ∈ TxiWxi one hasDψ(xi)v = 0. Indeed, if one considers
a path α(t) within Wxi with
∂α
∂t |t=0
= v then we have ψ ◦ α ≡ 0 thus ∂(ψ◦α)
∂t |t=0
= 0 and
the latter is also equal to Dψ(xi)v.
In both situations, taking limits we get the desired inclusion limi→∞ T(xi,yi)(ψ + φ) ⊃
W1 ×W2, due to the Thom regularity of ψ and of φ.
Finally, one may refine the product stratification W1 × W2 to a Whitney (a)-regular
stratification such that the singular locus Sing (ψ+φ) is a union of strata. This is possible
by the classical theory of Whitney stratifications, see e.g. [GWPL] for the algorithm. By
construction, this refinement is a Thom regular stratification of V (ψ + φ). This finishes
the proof of our claim.
Taking now into account the codimension p condition of the statement too (not used
up to now), it appears that the map ψ+φ verifies the hypotheses of Theorem 2.1 in view
of our above remarks §5.1 about the Thom condition. The first claim of our statement
follows.
Furthermore, if each mapping is radial weighted-homogeneous, the separate variable
sum ψ + φ has the same property (of course, the weights have to be multiplied by some
integers if the weighted degrees of ψ and φ are not the same). Thus one may apply
Corollary 3.3 and get the second claim of the statement. 
Example 5.3. Let h : R3 × Cn → R2, h = f(x, y, z) + g(w1, . . . , wn), where f : R3 → R2
is Example 5.1 and g : Cn → C = R2 is a sum of monomials
∑n
i=1 aimi, where mi = w
ki
i
or mi = w¯
ki
i with complex coefficients ai. Then g is radial weighted-homogeneous and has
Thom property by Proposition 5.2 or by the fact that this map has isolated singularity.
As for f , it is not radial weighted-homogeneous, we have seen above that it satisfies
the condition M(f) \ V ∩ V = {0} but we need the Thom regularity condition in order
to apply Proposition 5.2 (first claim). We claim that f also satisfies the Thom (af)-
regularity condition at Sing f \ {0}. So let us fix some point (0, 0, z0) ∈ Sing f = V (f),
z0 6= 0, and choose an analytic curve γ(t) = (x(t), y(t), z(t)) with image in Bε \ V (f)
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defined on a small enough interval ]0, ε[ such that limt→0 γ(t) = (0, 0, z0). For any t, the
normal vector field v1(t) = (y(t), x(t), 0) to the fibres of f is orthogonal to the direction
(0, 0, 1) of the line V (f). Let us consider the normal vector field to the fibres of f ,
v2(t) = (−4x3(t) − 2x(t)z2(t), 4y3(t),−2z(t)x2(t)), which is independent of v1(t). What
we actually need to show is that the limit of the vector product v1(t)
‖v1(t)‖
∧ v2(t)
‖v2(t)‖
is a nonzero
vector in the space spanned by (0, 0, 1).
One has v(t) := v1(t)∧v2(t) = (−2x3(t)z(t), 2z(t)x2(t)y(t), 4y4(t)+2x2(t)z2(t)+4x4(t)).
We have the following two situations:
(i) If ordt(x(t)) ≤ 2ordt(y(t)) or if y(t) ≡ 0, we have:
lim
t→0
4y4(t) + 2x2(t)z2(t) + 4x4(t)
x2(t)
= 2z20 + lim
t→0
4y4(t)
x2(t)
> 0
and limt→0(−2x(t)z(t), 2z(t)y(t)) = (0, 0).
(ii) If ordt(x(t)) > 2ordt(y(t)) or if x(t) ≡ 0, we have:
lim
t→0
4y4(t) + 2x2(t)z2(t) + 4x4(t)
y4(t)
= 4 6= 0
and limt→0
(−2x3(t)z(t),2z(t)x2(t)y(t))
y2(t)
= (0, 0).
These show that the tangent space to the line Sing f is contained in the limit of the
tangent spaces to the fibres of f , hence that f satisfies the Thom (af)-regularity condition
at V (f) \ {0}.
5.3. Added in proof. We have seen above that the Thom regularity condition along
V is not necessary for having the Milnor fibration in a conical neighbourhood of V ,
as explained in the first lines of §3. Indeed, consider for instance the mixed function
f : C2 → C, f(x, y) = xyx¯. It is polar homogeneous, hence verifies condition (3) and
our Theorem 1.4, but one can easily check that there is no Thom (af) stratification of
V . A deformation of this example in 3 variables has been suggested by A. Parusin´ski
during a recent workshop in Oberwolfach [Top], namely g(x, y, z) = (x + z3)yx¯. This is
polar weighted-homogeneous and verifies condition (3) and our Theorem 1.4, but again
there is no Thom (af) stratification of V . This is a positive answer to our conjecture
formulated above in the second paragraph of §5, i.e. that Thom’s regularity condition is
strictly stronger than condition (3). It is also a simple counter-example to a statement
conjectured by Pichon and Seade in [PS, pag. 494] and proved as main result in a
subsequent paper of the same authors.
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